Implicit Differentiation

Some functions are defined explicitly: they may be written in the form y = f (x) Other functions may

be defined implicitly — it may not be possible to express them in the form y = f (x) (ie. It may not be

possible to solve for y in terms of x). Although these are sometimes called functions, they are really
relations, and may be viewed as the union of several functions
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For any point on each of the above curves, it still makes sense to talk about the slope of the tangent at that
point, and hence also makes sense to talk about the derivative.
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To find the derivative of an implicitly defined function, we use a technique called implicit differentiation.
Essentially you differentiate both sides of the equation with respect to x (this usually involves the chain

. . , d

rule, plus the product of quotient rules) and then solve the resulting equation for d—y Generally the
X

derivative will be in terms of x and y rather than just in terms of x.

Example: Determine the derivative at any point on the circle x* +y? =25.
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Implicit Differentiation

Find d_z(/ for each of the following:
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7. X2 + Xy + y? =12
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8. Find 3—3(/ for x*y+y=4 by a) using implicit differentiation

4 (,‘z@ dﬁ’% Y 8 () b) solving for y and then differentiating as usual
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2.13 Review Warmup

1. Determine (;_y for:

X

a) y=sin®(5x+3) b) y=4+sin?x+x°

2
2. Determine dy and d_z/ for the relation: xy =2y —3x?

dx dx

3. Find the equation of the tangent(s) to the relation in #2 at the points where y =1

4. If a position function s(t) had the property that v = Js, show that acceleration must be constant.

2
5. If y=msin pt+ncos pt where m, n, and p are constants, then what is 3—2’?
X



Unit 2 Review Warmup

tan(Z+h)—tanz

1. Determine lim
h—0

2. A rock is thrown into the air form a cliff that is 10m high. For any time t >0, its height is given
by h(t)=-5t*+40t+10.
a) What is the maximum height reached?

b) What is the velocity when it hits the ground?

3. Determine j—y if y=cos(xy)
X

4, Find the tangent to the curve y°x + x + y =17 at the point where y =2



Unit 2 Review

Determine the derivative of the following functions

2—X
1. f(x)=(4x+1)(1-x)’ 2. y=
()= (x+1)1-x) y-2X
4. y= 2 . 5. y=3x7*—4x¥?-2
(5x+1)
7. y=+x*+2x+1 8. y= X

For questions 10-17, functions f and g have the values shown in the
table

10. If A=f+2g , then A'(3)=
11. If B=f.g then B'(2)=

12. If D:%, then D'(1)=

13. If H

(
1. 1 K(x) =)

15. If M(x)="f(g(x)), then M'(1)=
16. If P(x)= f(x3), then P'(1)=
17. If S(x)=1f°(f(x)), then S'(0)=

. y=+3-2x
. y:2«/_

1
2Jx

C1+%°
1-x?

10 | 4 0 -1

Use the graph to answer questions 18-20
The graph consists of two line segments

and a semicircle.

18. f'(x)=0 for x=

19. f'(x) does not exist for x =




dy

Determine ax for the following implicitly defined functions

21.
23.

25.
26.

27.

28.

29.

30.

31.
32.

33.

34.

35.
36.

X
X—xy+yi=1 22. x+cos(x+y)=0
sinx—cosy—2=0 24. 3x* —2xy+5y* =1

If f(x)=x*—-4x’+4x*-1, for what values of x does graph have a horizontal tangent?

If f(x)=16vx then f"(4)=

2
If a point moves on the curve x*+y? =25, thenat (0,5), % is
X

2
If y=asinct+bcosct where a, b, and c are constants, then % IS

If f(v)=sinvand v=g(x)=x*-9,then (f og)’(3)=

If f(x)= _x , then for what values of x does f'(x) exist?
(x-1)

If y=+x2+1, then what is the derivative of y? with respect to x??
If f(x)= (x) =+, then the derivative of f (9(x))is?

1+h)’ -1
Ihing% . (Hint: Think about the definition of the derivative)

. 38+h — 2 _
lim———— =
h—0 h

. cosx-1

lim =
x—0 X

If f( )=f(b)=0and f(x) is continuous on [a,b], then

f (x) must be identically zero

b) f'(x) may be different from zero for all x on [a, b]
c) there exists at least one number ¢, a < ¢ < b, such that f’(c):O

d) f'(x) mustexist for every x on (a,b)
e) none of the preceding is true
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37.

38.

39.

40.

41.

-g(0
Suppose Iirr(}M = 1. It follows necessarily that
X— X

a) gisnotdefinedatx=0
b) g s not continuous at x =0

c) The limit of g(x) as x approaches 0 equals 1.
d) g'(0)=
e) g'(1)=0

Find the instantaneous rate of change of the area of a circle with respect to a) its radius, r
b) its circumference, C

A particle moves along a straight line with position function s(t) =3t>—11t> +8t. Inwhat
interval of t is the particle moving to the left along the line?

A ball is thrown directly upward with an initial velocity of 24.5 m/s and its height, h, in metres, is
given by h(t)=24.5t—4.9t* , where t is in seconds.

a) Find the velocity after 1 s.

b) When does it reach its maximum height?

c) What is its maximum height?

d) When does it strike the ground?

e) What is the acceleration?

If the k™ derivative of (3x— 2)4 is zero, then what must be the case concerning k ?
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“Nothing yet. ... How about you, Newton?”
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1. (1-x)’(1-16x 2. - 3. - 4. -30(5x+1
(1-x)" (1-16x) (3x+1) B2 (5x+1)
1 x+1 1
4oyt 6. ——+ 7. 8. 3
5. 2x7-2x Jx - axdx X% +2x+1 (1—X2)
4x
9 — 10. 2 11. -7 o L
(1—x ) 3
2 13
13. — 14. — 15. -12 16. 6
J10 25
17. 225 18. 4 onl 19. 1,2,and 6 20 i
. . y . ) ) . Jg
— 92 -3
21. y23x 22. csc(x+y)-1 23. —CsCy cosX 24, 1=
3y°—X Sy —X
- -
29. 6 30. realsexcept x=1 31. 1 32. —(x+1)72
1
33. 6 34, — 35. 0 36. B
12
C For those of you looking for secret
37. D 38a) 2zr b) — messages, here it is: Make sure you
27 ask Mr. O what it is.
4
3. J<t<2 408) 14.7 mis b) 2.55 c) 306m
41. k=5
d) after5s e) —9.8 m/s?
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Derivatives

f (x+h)—f(x)

f(a)=tim )= F(2)

Definition of the Derivative: f’(x) =lim

h—0 h X—a X—a
Derivative of a Constant Power Rule Constant times a Function
ik=0 ixnznx"‘l ik-f(x):k-f’(x)
dx dx dx
Product Rule Quotient Rule
d d f f'g-gf
—fe.g=Ff'g+fqg’ _— =
dx g g g dx g gz
. . d , , dy dy du
Chain Rule: — f =f . 5 2
dx (g(x)) (g(x)) g (X) or dx du dx

Derivatives of Trigonometric Functions:

d . du d du
—sinu = COSU+— —CSCU = —CSCUCOtUs—
dx dx dx dx
d . du d du
—COSU = —SinU. —Secu = secutanue—
dx dx dx dx
itanu=se<;2u. u icotu=—csc2u. u
dx dx dx dx
Derivatives of Inverse Trigonometric Functions
d . d . 1 du d 1 d -1 du
—sintu =—arcsinuy = ———. |u| <1 —C0S U =—arccosu = . |u| <1

dx dx h—uz dx dx dx 1 - y?2 dx

d 4 d du d a d -1 du
—tan"u =—arctanu = 5 —cot~u =—arccotu = se—
dx dx 1+ u° dx dx dx 1+ u” dx
isec‘lu —iarcsecu _ 1 icsc‘lu —iarccscu N
dx dx lu« iz — 1 dx dx dx Ju« iz — 1 dx
Exponential Functions: ieu =e" au iau =a'lna au

dx dx dx dx
Logarithmic Functions: a nu =1 du a log, u = 1 du

dx u dx dx ulnb dx



