Warmup 2.4

for the derivative at this point? Why or why not?
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1. Use your calculator to determine the derivative of y = ‘16 — xz‘ at x=4. Isthis a reasonable value
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Graph the functions f (x)=x*, g(x)=nDeriv(x’, x, x) and
h(x)=(f (x+.001)— f (x—.001))/.002.
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What function does the graph of ¢ (x) appear to represent? Does this make sense?
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How does the graph of h(x) compare to the graph of g(x)?
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Predict the answers to the following:
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dx dx
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dx dx

Use limits to verify your answer to “3e”.
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Rules for Differentiation

Derivative of a Constant Function

|
If f(x) =k then ' =0
eq fxr= 3
Power Rule for Positive Integer Powers

1 n -\
If f(x) = x" then £ s Nn.%

Constant Multiple of a Function

If f(x) = k- g(x) then £la= k. Q'CW)
Feo: 5. % L' 5 - (3%)

Sum and Difference Rule
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D100 = g0y -__F (0 * g'00

Product Rule

‘ch')-c\,(‘x) + 5(70-'?,(.1)
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di(f(x) C g(9) =
X

Quotient Rule
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The Power Rule for Derivatives

If y=x" then y’ =nx"" forall real values of n

This can be proved for all positive integers n in the following way

Proof : The factor theorem says: If a isaroot of f(x) =0 then x—a is a factor of f(x)

If f(x)=x"—a" then f(a)=_O andconsequently C'X*‘O-) isa “Fa-d"’(
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By observing the pattern

n n
X —a =x-—a {:(0,\304-0\.

xX? — =(x - a
x* —a’ =

(x +
(
(x* +ax’ +ax+a)
(

x° — a’ = X +ax’ +a’x? +ax+a)
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We can see that XL O: (,'K.'—G\) (x + Oxfa a X & Ou )C- 4+ O—

\ n -2 -1
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X —a*=(x-a
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Now, if f(x)=x", f'(x)=_, —
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_ Iim[(x +h) - X][(X +h)' T (x ) T X+ (X )X xHJ

h—0 h

= Iim}4 [(X + h)n‘l + (X + h)”‘2 X+ ...+ (X + h) K2 4 X”’l}

h—0 }f

n-2 n-1

. n-1 n-2
:L'ﬂg(x*h) +(x+h) "x+ ..+ (x+h)x"" + x

= (x + O)n_1 +(x + O)"_Zx + o+ (X +0)x"E 4 X
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F(x% P
d t d % fea= 16 a
Thus —x° = S‘X and —x¥ = 277 % (<) = - K

dx dx -

Although we haven’t yet proved this rule for negative, rational or irrational powers we will ultimately
prove it to be true for all reals.

Example: Determine y' if

d
2 _2
a) Y=i3 . ')(-3 b) y=vx = X c) y=x° g7
X -4 r_ 2 X
! \ 2 Ej T "=
-4 s - 3
= ..3 x, (0 2 X
l ! v L
| = 3T
oy = 3. Y I
X
Note also that the power rule is used to differentiate a power of x and not functions like y = (x +1)3 or
4
y=(5x"+3 3 3 l
Ax
The Product Rule for Derivatives / o

If fand g are differentiable at x, then so is the product f.g, and

S TH0090] = 10 5 800] + 900 4LT 1 (]

d x

or i[f-g] = fleg + fog 35 (3-:. (3‘7(.1)(57{2-)'

Proof : %[f(x)g(x)] = lim flx+hg(x+h) - Fx)9(x)

h—0 h

If we add and subtract f (x + h)g(x) in the numerator, we then obtain

d o —— + { (x + 1) g (%) - f(1)3(x)
T [T009(0)] = tim . s s
i) () SO0 g 100 = (00|

+ limg(x) - lim fx+h) - f(x)

~lim £ (x + ) - lim

g(x + h) —g(x)
h

h—0 h—0 h
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1. Determine the derivative of the y =(x* +3)(2x—-5) by

a) using the product rule
/

Examples

b) expanding and then differentiating

E‘j = ‘Cf.\’.\- %‘Cm) + SC‘K\‘F,(W) ye (x"r3) ('20‘--5)
= (‘xz-\—ﬂ (2) + (2x-5) (‘lx ) Y® 2X3+- 6% -5x*-15
® 7.314-6 + ‘-}f'-—\o}c 9, < 6x1+ & -\Ox +0O

/

tj = GXQ'-\Ox +6 Some 'l'lnins\-

2. Given the following: h=f.g, f(4)=3, f'(4)=-2, g(4)=-7 and g'(4)=-5, determine
(4. heteq h' (4#) = ((-5) + (-3)(-2)
lh=¥-g +5-F\ = B o+ Y

)
3. Determine g—y if y="f(g-h) W () = -

y = -F(gh) (g’
"'F[g-\n + h-g’] *(3-\\3'{“’

The Quotient Rule for Derivatives
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Note that order for this rule is very important.

/ / _ ’.
Proof: Leth:é,thenfz_h.% /-: -f —6\“ -\n 5

*9 =9

Using the product rule, we then have f'=h"g+g’h

£ -g'h
Solving for h' we get h' = — 9 , and then by substituting for h we obtain
h’ %__5 ) ¢F J‘gj \-" y ’
5 ¥ t'y-gf
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Converting to a common denonﬁator yields h'= a
J




Examples ,/-Ff.ﬂ

1. Determine the derivative of y = iS by

a) Using the quotient rule = 3{“" b) rewriting as a negative power and then
! .f’ _ ! {, using the power rule
‘3 s _L—ﬂ . -L "S
9* I = X
- 0(x°) "(SXI')L‘) ' -t
x'® 3 = -3X
= = St
—_— = -b
X\O - 5 X J'FC'&)
2. Determine the equation of the tangentto y = 2x_+1 at x=1
| ) *a(x)
) - 9
o' ¥'g - ¢'f
%
3
= 5(3%1) = (3)(Sxn) _ Ged) -8y
— - -~
(3 x-1) X2 o =
8 8
- (x+h)12_P d (sz) -2
3. Whatis lim———~—— . Z_ X d (87(
h—0 h dx' . = —
dx.
- -13
* 8(-1)-x
Higher Order Derivatives = -9b x~"3
The process of finding the derivative of a function can also be applied to the derivative itself. (ie we

can find the derivative of the derivative). y’ or % is called the first derivative of y with respect to x.
X

' 2
The second derivative with respect to x is y”" = ' = a(dy = d—zl .
dx dx\dx) dx
" 3 n
The third derivative is y" = ?ji = % and the n™ derivative of y with respect to x is y" = (; Y
X X X

2
Example: If y=x®+5x*>-7x—18, what is d—g?




